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ABSTRACT 
We prove two results on the spectral radius of a complex matrix. By the 
application of one of the results, we give a more direct proof of a known theorem 
concerning the determination of the instability by the linear approximation. 
1. INTRODUCTION AND NOTATION 
This note, motivated by a theorem in LaSalle [l, p. 181 concerning the 
determination of the instability by the linear approximation, will prove two 
results on the spectral radius of a complex matrix in Theorems 2 and 3. As 
an application of Theorem 3, a more direct proof will be given of a theorem 
in LaSalle [l, p. 181. 
Let C” be the n-dimensional complex vector space of all column vectors, 
and M, the vector space of all n x n complex matrices. For A E M,, 
denote by p(A) the spectral radius of A. Denote by ]] . IIM the Z, norm on 
an arbitrary complex vector space C”. Recall that a nonempty set K in 
C” is called a cone if XK c K for all X 2 0. 
2. THE RESULTS 
The following version of the Jordan canonical form theorem plays an 
important role in our proofs of the results. 
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THEOREM 1. Let A E M, 
. . . 7 A, and 
I& L 
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have exactly s distinct eigenvalues Xi, X2, 
1x21 L ..’ > I&l. 
Then for any E > 0 there exists a nonsingular matrix Q E M, such that 
Q-IA& = 
i 
Jn,(Xl,f) 
Jn,(Xz,f) 0 
0 . . 
Jn,(&, 6) I7 
(1) 
where nl+. . .+ n, = n, each J,, (Xi, E) E M,, , and each JR(Xi, E) is exactly 
the same as the Jordan block associated with X, except that each off-diagonal 
1 is replaced by e. Furthermore, for each 
y(1) 
y = 
(I 
: E C”, where each y(%) E Cnz and nl + 
y(s) 
the following inequalities hold: 
(lb - 4II~(i)llce 5 II J&i,~)~(i)llx 
+ n, = 72, 
i (PiI + 4IIY(i)llca (i = 1,. . . ) s). (2) 
PROOF. Let E > 0 be given. By the Jordan canonical form theorem 
and a suitable permutation process, there exists a nonsingular matrix P E 
M, such that 
i 
Jnloll, 1) 
P-lAP = 
Jnz (X2,1) 0 
0 . . 
Jna (As, 1) IT 
where ni -+ . . . + n, = n, each Jn,(Xi,l) E n/r,, and each Jn,(Xi,l) is the 
Jordan block associated with X,. Let 
D = diag(1, E, . . . , cnel). 
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Then Q = PD reduces A to the form (1). The inequalities (2) follow 
immediately from a direct computation. 1 
THEOREM 2. For A E A&, the following two conditions are equivalent: 
(1) p(A) > 1. 
(II) There exists a norm 11 . 11 on C”, a nonzero cone K with nonempty 
interior in C”, and a constant a > 1 such that 
(i) AK c K; 
(ii) llAxl/ > allx(J for all x E K. 
PROOF. (II) =+- (I): This is immediate from the spectral radius formula: 
p(A) = Jim jIAnlll’“. 
(I) + (II): Let A have exactly s distinct eigenvalues Xi,. . , A, and 
Let k(k 2 1) be the number of eigenvalues which lie outside the unit circle. 
That is, let 
l&l 2 1x21 > ‘.. L J&cl > 1 > (Xk+ll 1 ... 2 [X,1. 
Let E = i (I Xk ( - 1). By Theorem 1, for this E > 0 there exists a nonsingular 
matrix Q E M, such that Q reduces A to the form (1). The map defined by 
II4 = IlQ-141m for all 2 E C” 
is anormon C”. Let ni,nz,. . , n, keep the same meaning as in Theorem 1. 
For y E Cn, write 
Y(l) 
y= : 
(1 Y(s) 
with each yci) in C”> (1 5 i 5 s). Setting 
K = x E C" : y = Q-lx, 
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we see that K is a nonzero cone in C” with nonempty interior. Let cr = 
]Xk] - E > 1. For x E K, let y = Q-lx. Then 
and 
Jn*(Xl, 491) 
Q-lAQY= : 
i . Jn&4Y(s) 
so that Ax E K. This proves (i). To prove (ii), we use the same notation 
as in the proof of (i). Then, for each 2 E K, we have 
llA4l = II Q-lAQ~llm 
= $,“,“, IIJd~i>~)Y(i)lloo 
2 I&&w%l - ~)IIY(%)ll00 by WI 
1 (IhI - 6) $FTk IIY(z)llm = 4bll. -- 
This proves (ii), and the proof is complete. ??
As a comparison with Theorem 2, we note that all the eigenvalues of a 
matrix A E M, lie outside the unit circle if and only if there exist a norm 
(I . )I on C” and a constant a > 1 such that IlAx 2 a((xl( for all 2 E Cn. 
This can be seen from the proof of Theorem 2. 
THEOREM 3. Let T = A + f, where A E M, and f: C” + C” satisfies 
f(x) = o(ll~ll), i.e, lb-0 Ilf(x)II/IlxIl = 0. If p(A) > 1, then there exist 
a no777r. ]I . II on C”, a nonzero cone K in C”, and constants 6 > 0, cy > 1 
such that 
(iii) TX E K if z E K and llxll 5 6; 
(iv) IITxll 2 (YIIxII for all x E K and llxll 5 6. 
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PROOF. Let A have exactly s distinct eigenvalues Ar, . . . , A,. Let 
Ic(lc 2 1) be the number of eigenvalues which lie outside the unit circle. 
That is, let 
Let 0 < E < a ((Xk 1 - 1). By Theorem 1, for this E > 0 there exists a 
nonsingular matrix Q E M, such that Q reduces A to the form (1). The 
map defined by 
11~11 = lIQ-141ca for all z E C”, 
isanormon C”. Let 721,712 ,..., n, keep the same meaning as in Theorem 1. 
For y E C”, write 
with each yci) in C”* (1 < i 5 s). Setting 
K = x E C" : y = Q-lx, k+yF;<s llY(& 2 l’sFTk llY(2)llcu, 9 -- -- 
we see that K is a nonzero cone in P. Let CY = IXk / - 2.5 > 1. We now 
verify (iii) and (iv). To prove (iii), for each z E K, let y = Q-lx. Then 
Q-l 7’~ = (Q-‘AQ) y + Q-‘f(x) 
= 
( 
Jn, (Xl, 451(l) 
i 1 
+ Q-%4 
Jn.(b, 4Y(s) 
Choose y > 0 so that 
rllQ-lllmllQllca < E. 
Since f(x) = o(ll~ll), there exists a S > 0 such that 
Ilf(~)llca I rll~llm if llzll 5 5. 
Therefore 
II&-%dco I ~IlQ-~llmII4oo 
5 YIIQ-lllm/lQllmll~llm I ~ll~llm if II41 56. (3) 
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For each 1 5 i 5 s, let E, be the generalized eigenspace associated with 
X, and let 7ri be the projection of C” onto Ei. Then, for each x E K with 
11x11 5 6, we have 
k+y<y<3 IIJn,(k do + ~i(Q-l.f(xNllm 
-~,+~~~~s~lxil + E)llY(t)llm + ~IlYll~ by (2) and (3)l -- 
5 (Ih+1l + 2f) pFk IIY(i)llcc [since x E K] 
and 
max IIJn,(h,~)~(Z) + ~~(Q-lf(~))llm 
l<z<k _- 
2 p$lk - ~)ll~(i)llm - IIQ-lf(xNco IbY (41 
2 (bki - 2E) lyazk ~~?/(~)~b [by (3) and x E K]. 
Since I&l - 26 - (Ixk+ll + 26) > 0, we have 
so that TX E K. This proves (iii). To prove (iv), we use the same notation 
as in the proof of (iii). Then, for each z E K with lIx[I 5 6, we have 
II TxII = II Q-1(Ax + f(x))llcm 
2 g!p2’, IlJ&~~~)Y(~)IIcm - 4Yllm bY (3)l -- 
2 l~t~k(lxil - 2E)llY(i)ll~ [by (2) and z E K] 
-- 
2 (ihi - 2E) ;z!;k IIY(z)lh= = aiIxII. 
-- 
This proves (iv), and the proof is complete. 
3. INSTABILITY 
Consider the nonlinear equation 
x’ = Ax +f(x), (4) 
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where 5, z’ are functions on (0, 1, . . .} to C” related by the formula 
x’(k) = x(k + l), Ic = 0, 1, . . , 
A E M,, and f : C” + C” satisfies f(z) = 0(//x1/). As usual, the origin 
is said to be stable for the equation (4) if for any neighborhood U of the 
origin there is a neighborhood VI of the origin such that every solution 
z(k) with x(0) in VI is defined and in U for all Ic 2 1. 
As a direct consequence of Theorem 3, we have the following well-known 
theorem [l, p. 181. 
THEOREM 4. If p(A) > 1, then the origin is unstable for the equa- 
tion (4). 
The authors wish to express their deep appreciation to Professor Ky Fan 
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